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Euclidean current correlator	
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Π(x) ≡ 0 T J(x)J(0) 0

Short distances	
•  perturbation theory 

+ power corrections 
(= OPE)	

•  αs, quark mass, …	

Long distances	
•  Hadron spectrum 

from exp(-mt)	
•  non-perturbative, 

main use of LQCD	

HPQCD (2008~) achieved 
precision mc determination.

LQCD can calculate the both.



La0ice QCD	
•  Ab initio calculation of QCD 	
     à Use as an “experimental” facility of QCD	

•  Limitation due to finite la0ice spacing	
o  In order to match perturbation theory,
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To avoid large 
discretization effects

To avoid too large	
non-perturbative effects

a ⌧ x ⌧ ⇤�1
QCD

Need sufficiently small a.  How small?   See the data.



Temporal moments	
•  Optical theorem to relate to “exp”	

	

o  In the coordinate space, it corresponds to the temporal moments:	

June 9, 2016 S. Hashimoto (KEK) 5 

1

n!

✓
@

@q2

◆n �
⇧(q2)

�
q2=0

=
1

12⇡Q2

f

Z
ds

1

sn+1

R(s)e+e�! hadron

i

Z
dx

1

n!

✓
@

@q

2

◆
n

eiqt �! a

4
X

x

t

2n



Temporal moments on the la0ice	
•  Vector current correlator	

	

•  On the Euclidean la0ice,	

o  GV(t) represents a J/ψ correlator, ~exp(-mJ/ψt), plus its excited 
states, continuum, etc.	
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(qµqν − q
2gµν )ΠV

(1)(q2 ) = i d∫
4
xeipx 0 T[ jµ (x) jν (0)] 0

GV (t) = a
6 0 jk (x, t) jk (0, 0) 0

x
∑ , GV ,n = t / a( )n GV (t)

t
∑



Sum to define the moment	
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Sum to define the moment	
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La0ices with domain-wall	
New set of la0ice ensembles by JLQCD:	

•  2+1 flavors of dynamical quarks described by domain-
wall fermions	
o  Good chiral symmetry on the la0ice, mres ~ 1 MeV or less.	

•  Fine la0ices: 1/a ~ 2.4, 3.6, 4.6 GeV	
o  Enough resolution to treat charm	

•  Sea quark mass coverage 	
o  mπ = 230 ~ 500 MeV	
o  sandwich ms
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La0ices with domain-wall	

10 

mud mπ 
[MeV]

MD time

ms = 0.030

0.007 310 10,000

0.012 410 10,000

0.019 510 10,000

ms = 0.040

0.0035	 230 10,000

0.0035 
(483x96)	

230 10,000

0.007 320 10,000

0.012 410 10,000

0.019 510 10,000

β = 4.17, 1/a ~ 2.4 GeV, 323x64 (x12)

mud mπ 
[MeV]

MD time

ms = 0.018

0.0042 300 10,000

0.0080 410 10,000

0.0120 500 10,000

ms = 0.025

0.0042 300 10,000

0.080 410 10,000

0.0120 510 10,000

β = 4.35, 1/a ~ 3.6 GeV, 483x96 (x8)

0.0030 ~ 300 10,000

β = 4.47, 1/a ~ 4.6 GeV, 643x128 (x8)
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La0ice versus “exp”	
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R2l+2 =mJ /ψ
Ml

g(0)2l+2

⎛

⎝
⎜

⎞

⎠
⎟

1/2l

;

n = 2l + 2

Vector channel:	
	
“exp” data from	
•  Dehnadi et al. (2015)	
•  Kuhn et al. (2007)	

La0ice data after 
(perturbative) corrections 
of charm quark loop.



Determination of mc and αs	
o  Following the method of the pioneering work by the HPQCD + 

Karlsruhe group (2008~).	
•  Allison et al., PRD78, 054513 (2008); McNeile et al., PRD82, 034512 

(2010); Chakraborty et al., PRD91, 054508 (2015).	

o  Solve equations with different n’s (n = 6, 8, 10, in this work).	
o  Use the pseudo-scalar density correlator for both la0ice and pert. 

Perturbative coefficients known to αs
3.	
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Rn =
amηc

(exp)

2amc (µ)
rn (µ; mc (µ),αs (µ))

La0ice data	
after continuum extrap

Continuum perturbation theory	
known to αs

3.
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LHS:  LHS:  Continuum extrapolation of the la0ice data

Sea quark mass dependence is invisible in this scale.	
Fit with a linear function in mu+md+ms. 

R6

R8

R10
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LHS:  Continuum extrapolation of the la0ice data

Larger slope than those of HPQCD with 
Highly Improved Staggered Quark (HISQ).	
Fine la0ices are crucial.

R6

R8

R10
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LHS:  Test of the discretization effect
Hyperfine spli0ing J/ψ – ηc is sensitive to the 
discretization effect.

exp: 111(2) MeV

consistent after extrapolation
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rn(µ)

mMS
c (µ)

truncation 
error

RHS: Estimate of the perturbative truncation error.

Included up to O(αs
3).	

Also included the variation with µm ≠ µα.
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RHS: Non-perturbative correction

gluon condensate from OPE	
No precise determination available.	
	
	
	
Keep it as a free parameter and 
determine with the charmonium 
moments. Result:	

perturbative expansion

⟨(αs/π)Gµν
2⟩ ~ 0.00-0.02 GeV4 

⟨(αs/π)Gµν
2⟩ ~ 0.00(1) GeV4 
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Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)

R6R8R10

R6/R8

Determine	
   mc(µ), αs(µ), <Gµν

2>	
with 3 moments.	
	
	
αs(µ) is consistent, but its 
error is not competitive.



Error budgets	
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Dominant = truncation of 
perturbative expansion 

Second dominant =	
discretization effect



Comparison	
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FLAG 2016	
(preliminary)

JLQCD 16



Summary	
•  Test of LQCD at short distances with charmonium 

correlator	
o  Fine la0ices (1/a ~ 3-4 GeV) are necessary to keep the 

discretization errors under control.	
o  La0ice results are consistent with the experimental data, 

also at short distances.	

•  Determination of mc(µ)	
o  LQCD may provide an extra input (pseudo-scalar channel) 

to feed in the perturbative analysis.	
o  mc and αs obtained with similar size of error as HPQCD.
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backup	
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From the vector channel:
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